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INTRODUCTION 
Throughout this paper L will be a nonzero finite-dimensional Lie algebra 
over a field k of characteristic zero. Let U(L) be the universal enveloping 
algebra of L with center Z( U(L)), D(L) the division ring of quotients of 
U(L) with center Z(D(L)). For each 2 E L* we denote by D(L), the set of 
those UED(L) such that ad x(u) = n(x) u for all XE L. Its elements are 
called the semi-invariants of D(L) relative to 1. Clearly D(L)$(L), c 
aL)A+, for all I, p E L*. The sum of the D(L),. is direct and is a subalgebra 
Sz(D(L)) of D(L) which is called the semi-center of D(L). We put U(L), = 
U(L) n D(L),. The sum Sz( U(L)) of the U(L), is called the semi-center of 
U(L). The semi-center Sz(S(L)) of the symmetric algebra S(L) of L can be 
defined in a similar fashion. The semi-center is a commutative subalgebra 
of U(L), which never reduces to k [7] and which is stable under all 
automorphisms of U(L) [16]. From the fact that it is a unique fac- 
torization domain in the algebraically closed case [ 131, we are able to 
deduce that, in the general case, Sz( U(L)) is contained in a factorial sub- 
algebra of U(L) (Theorem 1.2). In particular, any nonzero semi-invariant 
of U(L) can be factored in a unique way as the product of irreducible semi- 
invariants (Proposition 1.5). This result proves to be extremely useful 
throughout the paper. We also obtain some characterizations of the semi- 
invariants of D(L) (Proposition 1.8). Let A(L) (resp. A,(L)) be the set of 
all /z E L* such that U(L), #0 (resp. D(L), #O). A(L) is a semi-group 
which is not always finitely generated [9]. The group n,(L), which is 
isomorphic to Kharchenko’s group of X-inner automorphisms of U(L) 
[16], turns out to be the additive subgroup of L* generated by A(L) 
(Corollary 1.9). Next, the centralizer of Sz( U(L)) in U(L) coincides with 
U(L,), where L, is the intersection of ker 2, AC/~(L) (Corollary 1.16). L, 
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is a characteristic ideal of L for which the following hold (Theorem 1.19): 
and Z(D(L,)) is the quotient field of Z(U(L,)). Moreover, Sz(U(k)) = 
Z( U(L,)) in case k is algebraically closed and either L is almost algebraic 
or L is Frobenius (Theorem 4.3). This generalizes earlier resuhs on the sub- 
ject in various ways (see, e.g., [3], [6], [9] and [21]). After discussing a 
few elementary examples we end the first section by taking a brief look at 
the relationship that exists between the semi-invariants of D(L) and 
G( U(L)), the group formed by the reflexive U(l)-ideals. For instance, In 
the solvable case, any reflexive ideal (resp. reflexive prime ideal) of U(L) is 
generated by a nonzero semi-invariant (resp. irreducible semi-invariant) of 
U(L) and vice versa [4, Proposition 1.20 and Corollary 1.211, Moreover. 
G( U(L)) turns out to be isomorphic to A,(L) in case L is solvable and 
U(L) is primitive. 
In the second section we introduce a special breed of semi-invarian 
suffices to construct these in S(L). First we choose bases: x1,..., x, in L 
E 1 ,..., E, in L(G), the algebraic hull of ad L in End L. Let Y be the ( 
minantal) rank of the m x n matrix A = (Eixj) with entries in S(L) and 
denote by d,(L), 1 <p < Y, the greatest common divisor of all p-row 
minors of A. Then d,(L) is a nonzero semi-invariant of S(L) under t 
action of Aut L (and hence of Der L) (Theorem 2.2). 
Section 3 is devoted exclusively to the case where U(L) is primitive 
this situation U(L) admits only a finite number (up to nonzero scalar 
tors) of irreducible semi-invariants, say, u1 ,..., U, with corresponding 
weights ,I1 ,..., A,. These semi-invariants generate Sz(U(L)) as a polynomial 
ring, while A,(L) is a free abelian group generated by AI ,..., A,. Moreover, 
Sz(D(L)) = k[u, ,..., u,, u;l,..., u;’ 1. The element e = u1 ... U, of U(L) is a 
semi-invariant for all automorphisms and anti-automorphisms of U(L) and 
is contained in each nonzero prime ideal of U(L). e coincides with 
Dixmier’s fundamental semi-invariant if L is the Lie algebra of the affine 
group (see Section 4), so it would be appropriate to call e by the same 
name in general. Next, let s: S(L) + U(L) be the canonical linear 
isomorphism, then its restriction s: Sz(S(L)) -+ Sz(U(L)) is an algebra 
isomorphism. The semi-invariant d,(L), defined in the previous set 
nontrivial and s(d,(L)) = au?’ . . . UY for some a E k* and m, > 1. 
s(d,(L)) is contained in each nonzero prime ideal of U(L). Also, U(L) has 
only a finite number of prime ideals of height one. 
In Section 4 we discuss briefly the case where P, is Frobenius. Such a Lie 
algebra is known to have a primitive enveloping algebra. We are able to 
sharpen some results of the previous section. For instance the weights 
AI,..., %, are shown to be linearly independent over k and r = dim L - 
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dim L, is precisely the transcendency degree of Z(D(L,)) over k 
(Theorem 4.3). We also determine Z( U(H)), H being an ideal of codimen- 
sion one. Namely, either Z( U(H)) = k[u], u a non-trivial semi-invariant of 
U(L), or Z( U(H)) = k (Theorem 4.5 and Corollary 4.6). 
1. SOME GENERAL RESULTS 
Remark 1.1. Throughout this paper we shall stick to the following 
notation. Let k’ be an algebraic closure of k. Put L’ = LOk k’. Then 
U(L’) = U(L) Ok k’ and we consider L (resp. U(L)) as a k-subalgebra of L’ 
(resp. U(L’)). We extend each o E r= Aut, k’ to a k-automorphism, also 
denoted by O, of U(L’) and D(L’). Each u E U(L’) can be written as a finite 
linear combination of elements of U(L) with coefficients in k’. Therefore the 
orbit {a(u) 1 o E r} of u is finite. Since k’ is Galois over k, it is easy to verify 
that u E U(L) if and only if C(U) = u for all o E r. Suppose u E U( L’) is a 
semi-invariant with weight A. Then one checks directly that (T(U) is a semi- 
invariant of U(L’) with weight aria-‘. Let ZJ = ui, Us,..., u, be the orbit of u 
under r, with corresponding weights 3, = 1,) A*,..., 2,. These elements com- 
mute, as Sz( U(L’)) is commutative. Put n(u) = u1 +** u, and t(1) = A, + 
. . . + A,. Then it follows that n(u) is a semi-invariant of U(L) with weight 
t(J-)lL. E W). 
Next, suppose u E U(L). Then we see that u is a semi-invariant of U(L) if 
and only if u is a semi-invariant of U(L’). In particular, ,Sz( U(L)) is con- 
tained in (but not necessarily equal to) the subalgebra R= ,Sz( U(L’))n 
U(L). Since k’ is algebraically closed, Sz( U(L’)) is a unique factorization 
domain (UFD) by a result of Moeglin [ 13, p. 1271). Using this we are able 
to show that R is a UFD as well. 
Before we go on, we say that two elements a, b of a ring A are associated 
(a-b) if there exists an invertible element u E A such that a = ub. 
THEOREM 1.2. Let L be a Lie algebra over k. Then the ring 
R = Sz( U(L’)) n U(L) is a unique factorization domain. 
ProoJ Fix a basis x1 ,..., x, of L. This is also a basis of L’ over k’. Hence 
each u E U(L’) has a unique expression u = &a,xyi . *. x? where a,,, E k’ 
and m = (m, ,..., m,) by the PoincarbBirkhoff-Witt theorem. Consider the 
monomials of highest degree appearing nontrivially in this expression. We 
order these monomials lexicographically. If the greatest one among these 
has coefficient 1 we call u manic. Evidently, if u E U(L’) is manic, so is each 
a(u), a E r= Aut, k’. Therefore, if a(u) = au with u and v manic and a E k’, 
then it follows that a = 1. (*I 
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We now divide the proof in the following three steps: 
Step 1. Let UE R be a nonzero element. In particular u E Sz(U(L’)), 
which is a UFD. So we have 
u = afjy . . vy4, (1) 
with 8 # a E k’ and where v1 ,..., vq are pairwise nonassociated irreducible 
elements of Sz( U(L’)). Clearly we may assume that ul,..., vq are manic. 
Consider the orbits of vi,..., vy under I-. We may assume that v1 belongs to 
the first orbit, v2 belongs to the second one,..., and vP belongs to the last 
one (p < 4). Denote by n(v,) the product of all elements of the orbit of D,~ 
Clearly, as in the foregoing remark, n(v i) E U(L) n Sz( U(L’)) = 
claim that: 
u=an(vI)m’-~n(vp) mp with aE k and nor. In order to prove this, we 
take o E g and apply it to (1): 
Evidently, o(v;) is a manic, irreducible element of Sz( U(L’)). Comparing 
factorizations (1) and (2) of u, we see that g(vi) is associated with one of 
v~,..., vy since Sz( U(L’)) is a UFD and thus a(~,) E (v~,..., v,> because of 
(*). Consequently, each element of the orbit of ui, i: l,...,p, appears in the 
factorization of u with multiplicity mj. This extablishes the claim. 
Step 2. Let v E Sz( U(L’)) be manic and irreducible. Then n(n) is 
in R and hence also irreducible in R. 
Again it is clear that n(v) E R. Next, suppose n(v) divides zw in R where 
Z, w  are nonzero elements of R. It follows that v divides zw in Sz( U(L’)) 
and hence appears as a manic, irreducible factor in the factorization of 
either z or w  as Sz( U(L’)) is a UFD. Using step 1 we may conclude that 
n(v) divides either z or w  in R. 
Step 3. Each irreducible element u E R is of the form a. n(v) where 
a E k* and v E Sz( U(L’)) is manic and irreducible. This follows at once from 
step 1. We can now conclude that R is a UF 
domain. Step 1 and step 2 combine to show 
u E R has a factorization into irreducible factors. 
imply that each irreducible element of R is also prime. 
PROPOSITION 1.3. Let u, v be nonzero elements of U(L). 
(a) If uv is a semi-invariant, then so are u and v. 
(b) Suppose k is algebraically closed. Then ZAU E Sz(U(L)) implies thai 
zd, v E Sz(U(L)). 
481/94/2-S 
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This result is basically due to Moeglin [ 13, p. 12701. It is easy to see that 
(a) does not require k to be algebraically closed. Indeed, since uu is a semi- 
invariant of U(L) it is also a semi-invariant of U(L’) (Remark 1.1). Hence, 
so are u and u, as k’ is algebraically closed [ 13, p. 12701. But u, u E U(L). 
By Remark 1.1, they are semi-invariants of U(L). 
Remark. We do not know whether or not the condition on k in (b) is 
superfluous. If it were the case, then (b) and Theorem 1.2 combine to show 
that Sz(U(L)) is a UFD. 
COROLLARY 1.4. (a) Let u and v be nonzero elements of U(L). Ij’ 
uv E R = Sz( U(L’)) n U(L) then so are u and u. 
(b) Let 0 # u E R. Then u has the same factorizations in U(L) as in R. 
In particular, u is irreducible in R if and only if u is irreducible in U(L). 
PROPOSITION 1.5. Let u E U(L) be a nonzero semi-invariant. Then there 
exist unique (up to nonzero scalar multipliers), irreducible, pairwise non- 
associated, semi-invariants u1 ,..., uq E U(L) and m, 3 0, a E k* such that 
u = au?’ . . . ~7. A similar result holds for the semi-invariants of S(L). 
Proof u E Sz( U(L)) c R and R is a UFD. So, let u = au?’ . u? be the 
unique factorization of u into irreducible factors. As u is a semi-invariant, 
so are u1 ,..., uy (Proposition 1.3(a)). 
PROPOSITION 1.6. Let L be a Lie algebra over k such that Sz( U(L)) = 
Z( U(L)) (for instance if the radical of L is nilpotent). Let u, v be nonzero 
elements of U(L). If uv E Sz( U(L)) then so are u and v. In particular, 
Sz( U(L)) is a UFD. 
ProoJ This follows easily from Proposition 1.3(a) and the remark 
following it, since in this case all elements of Sz( U(L)) are semi-invariants 
of U(L). 
The following theorem is perhaps the most fundamental result concern- 
ing semi-invariants. It was first shown by Moeglin for uncountable and 
algebraically closed k [14] and later generalized independently by 
Malliavin [ 121 and Ginzburg [lo] in its present form. 
THEOREM 1.7. Let L be a Lie algebra over k. Then each nonzero two- 
sided ideal I of U(L) contains a nonzero semi-invariant, i.e., In U(L), # 0 for 
some A EL*. 
The following shows that we may restrict our attention to the study of 
the semi-invariants of U(L). 
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PROPOSITION 1.8. Let L be a Lie algebra over k and w E D(L). Then the 
following conditions are equivalent. 
(1) w is a semi-invariant. 
(2) wU(L) = U(L) w. 
(3) w is a quotient of two semi-invariants of U(L). 
Proof The equivalence of (1) and (2) holds in a more general situation 
[16]. See also [Zl]. Here we use a different approach. We may assume 
w  # 0. 
(1) a (2) Suppose [x, w] = 1(x) w  for all x E L. Then (x-IL(x)) w  = 
PVX and xw = w(x + J(x)) for all x E L, which proves that wU(L) = U(L) w. 
(2) * (3) wU(L) = U(L) w implies 
U(L) wP1 = wP’U(L). (*I 
U(L) n wU(L) is a nonzero two-sided ideal of U(L) and hence contains a 
nonzero semi-invariant u E U(L) by the foregoing theorem. u = WV for some 
u E U(L) and thus v= w-lu. From (*) and uU(L)= U(L) u (u is a semi- 
invariant) we obtain VU(L) = U(L) v. This is a nonzero two-sided ideal of 
U(L) and contains, by the same token, a nonzero semi-invariant of t 
form vy for a suitable ye U(L). Hence v is also a semi-invariant by 
Proposition 1.3. Finally, w  = UV- ’ where u and v are semi-invariants. 
(3)*(l) Let W=UV-r with UE U(L), and O#VE U(L),,. Then it is 
easy to check that WED(L),-,. 
COROLLARY 1.9. Let 0 # w E D(L).,. Then there exist unique (up to non- 
zero scalar multipliers), relatively prime semi-invariants u E U(L), and 
v E U(L), such that w = UK ‘. Clearly, y = 1, - ,a. Hence A,(L) is the additive 
subgroup of L* generated by A(L). See also 1211. 
COROLLARY 1.10. Let 0 # w E Z(D(L)) (= D(L),). Then there exists unt- 
que (up to nonzero scalar multipliers), relatively prime semi-invariants u: 
VE U(L),, jtie A(L), such that w=uv-‘. 
CORQLLARY 1.11. Sz(U(L)) and the semi-center Sz(D(L)) ofD(L) have 
the same quotient field. 
Remark 1.12. D(L),, i E L*, is a vector space over the field Z(D(L)) sf 
dimension at most one. (Indeed, if D(L), #O and 0 # M~ED(L)~ then 
D(L), = -W(L)) w, since D(L), = Z(D(L)).) Also, the nonzero semi- 
invariants of D(L) form a commutative subgroup Q of the multiplicative 
group D(L)*. The map Sz --f A,(L), sending each w  ~52 into its weight 
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i~/i,(L), is a surjective group homomorphism with kernel Z(D(L))*. 
Hence Q/Z(D(L))* is isomorphic to /1,(L). From these observations we 
deduce that the semi-center Sz(D(L)) is isomorphic to the twisted group 
algebra Z(D(L))[A,(L)]. 
Before we proceed, we recall that U,(L) is the set of all elements of U(L) 
of degree at most m, while U”(L) is the set of all homogeneous elements of 
U(L) of degree m [6,2.4.3]. Let G c Aut L be the adjoint algebraic group 
of L, i.e.,, the smallest algebraic subgroup of Aut L whose Lie algebra L(G) 
contains ad L. Following [21] we denote by L, the intersection of ker 1, 
2 E A(L). By Corollary 1.9, L, is also the intersection of ker /I, J E A,(L). 
PROPOSITION 1.13. Let L be a Lie algebra over k. Each derivation 
E E Der L maps L into L,. In particular, LA is a characteristic ideal of L 
containing [L,L]. Moreover, L, is unimodular. 
Prooj Let E E Der L. Then J.(E(L)) = 0 for all /z E A(L) [ 16, p. 2651 
and thus E(L) c L,. Next, the linear functional z E L*, sending each x E L 
into tr(adx), belongs to A,(L) [9] and thus vanishes on L,. 
PROPOSITION 1.14. If L is ad-algebraic, then so is L,. 
ProoJ: We can find a finite number of weights AI,..., A, E A(L) such that 
L, = f-j ker ii, i: l,..., r. Choose O#Z&E U(L),,. Then u1 ,..., U,E U,(L) for 
some m. The adjoint group G acts rationally on U,(L) [6, 2.4.161 and 
L(G) = ad,L since L is ad-algebraic. Using [S, p. 20X] we note that the 
following Lie algebra is algebraic: 
{E~ad,LIEu,=Oforalli: l,...,r} 
= (ad,x 1 [x, uJ = 0 for all i: l,..., r} 
= {ad,xl&(x)=Ofor all i: l,..., r} =ad,L,. 
This implies that ad,,L, is algebraic as well, being the image of an 
algebraic Lie algebra under a rational representation [S, pp. 22772281. 
PROPOSITION 1.15. Let L be a Lie algebra over k and u E U(L) a nonzero 
semi-invariant with weight /ZE A(L). Put K= ker A. Denote by C(u) 
(resp. C,(u)) the centralizer of u in U(L) (resp. D(L)). Then we have: 
(1) C(u) = U(K) and 
(2) C,(u) = D(K). 
ProoJ: We may assume that 1# 0. Then K = ker 1 is an ideal of L of 
codimension one. Choose YE L\K such that I(y) = - 1 (and thus 
[u, y] = u). Then U(L) = U(K)[y] and each element of U(L) can be writ- 
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ten as a polynomial in y with coefftcients in U(K) (say on the left) 
[S, 4.4.41. 
(a) C(u)I3U(K) . 1 IS c ear, since u commutes with each element of 
and hence also with each element of U(K). Conversely, take a nonzero 
I: E C(u). Write v = C;=oaiyi with aig U(K) and a, f 0. Suppose YE > 1. For 
each i we have 
lu, f] = i yi-juyl-l 
j==l 
Therefore, 
=iuy’-’ + terms of lower degree (in Y 1. 
cu, 01 = i a,[4 $1 since [u, ai] = 0 
i=O 
= nanuy ’ ~ 1 + terms of lower degree. 
Hence [u, u] # 0, contradicting the fact that u E C(u). Consequently, YE = 0 
and v = a, E U(K). 
(2) Again, C,(u) XL)(K) is clear. Conversely, take z E C,(u). Writs 
z=uw-1 with u, w  E U(L), w  # 0. We may assume that the degree of w  in y 
is minimal. zw = v implies z[u, w] = [u, v], since [u, z] = 0. Suppose 
[u, w  j f 0. Then z = [u, V] [u, w] - ‘. But the degree of [u, w] in y is less 
than the degree of w  (see proof of (1 )), contradicting our assumption. Thus 
[u, w] = 0 and hence also [u, v] = 0, forcing u, w  E C(u) = U(K) by (I f~ 
Finally, z = VW - ’ E D(K). 
COROLLARY 1.16. Let L be a Lie algebra otier k. U(L,) (resp. D(Ln)) is 
the centralizer of the semi-center Sz(U(L)) in U(L) (resp. D(L)). in par- 
ticular, R = Sz( U(L’)) n U(L) is contained in U(Ln). 
Proof. Because Sz( U(L)) is generated by the semi-invariants of U(L), 
its centrahzer in U(L) is equal to: 
nus.,. C(U)= n U(ker 1)= u 
LEA(L) 
A similar argument shows that D(L,) is the centralizer of Sz(U(L)) in 
D(L). Finally, R c C(R) c C(Sz( U(L))) = U(L,). 
LEMMA 1.17. Let H be a nonzero ideal of a Lie algebra L over k, k 
algebraically closed, such that L/H is solvable. Then each weight 1 E A( 
can be extended to a weight p E A(L), i.e., p/H = ;1. 
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Proof: Suppose 0 # UE U(H),. UE U,(H) for some m. Let R be the 
radical of L. L = H + R since L/H is solvable. Take x E R and let D be the 
restriction of ad x to H. Then D is a derivation of H and hence its exten- 
sion to U(H) stabilizes U(H), [16, p. 2651 as well as U,(H) [6,2.4.9]. 
Consequently U(H), n U,(H) is a nonzero finite-dimensional R-module. 
By Lie’s theorem there exists a nonzero element u E U(H), n U,(H) and an 
a E R* such that ad x(v) = g(x) u for all x E R. Note that a and 1 coincide 
on each x E H n R. Therefore they have a common extension ,u on 
R + H = L, which turns out to be a weight of L since ad x(v) = p(x) u for 
all x E L. 
Remark 1.18. Let u E U(L), be a nonzero semi-invariant and u = uq + 
... + u0 its unique decomposition into homogeneous components (i.e., 
uj E u’(L)). 
Since ad x, x E L, maps each u’(L) into itself, it is easy to verify that each 
U,E U(L),. In particular, we have Z( U(L)) = @ (Z( U(L)) n u’(L)). 
THEOREM 1.19. Let L be a Lie algebra over k. Then the following hold. 
(1) Z(U(L))cSz(U(L))cZ(U(L,))=Sz(U(L,)). In particular 
Sz( U(L,)) is a UFD. Also, if uu E Sz( U( L,)) for some nonzero u, v E U(L), 
then u, v E Sz( U(L,). 
(2) Z(D(L,)) is the quotient field of Z( U(L,)). 
(3) WW))=Z(W/i)) in case L is almost algebraic and k is 
algebraically closed. We shall see later on that this is also true for L 
Frobenius (Theorem 4.3). 
ProoJ: For the sake of notation we put H = L,. 
(1 )(a) Z( u(L)) = u(L), c sz( u(L)). 
(b) Sz( U(L)) c Z( U(H)) follows easily from Corollary 1.16 and 
the fact that Sz(U(L)) is commutative. 
(c) Take 1 E A(H). It suffices to show that II = 0, because then 
Sz(U(H))= U(H),=Z(U(H)). Choose O#UEU(H)~. Put L’=LOkk’ 
and H’ = HOk k’. Then u is also a semi-invariant of U(H’) with weight 
A’ E A(H’). Since [L’, L’] c H’, L’/H’ is abelian. So, 1’ has an extension 
,u E A(L’) by Lemma 1.17. Note that ~1 H = il. Next we consider t(p) E A(L’). 
We know from Remark 1.1 that t(,u) = pi + . . . + Pi, where each ,ui is of 
the form cp~-l for a suitable G or= Aut,k’. Also t(p)lL E/~(L) and 
therefore vanishes on H. Now take any hE H. Then ,ui(h) =o,uo-l(h)= 
o@(h)) = a(i(h)) = I(h). Hence 0 = t(p)(h) = PI(h) + . *. + u,(h) = rl(h) and 
thus 1= 0. 
(d) Sz( U(H)) is a UFD since Sz(U(H)) = Z(U(H)) (Propo- 
sition 1.6). Suppose uv E Sz( U(H)) for some nonzero u, v E U(L). Clearly, 
SEMI-CENTEROFUNIVERSALENVELOPING ALGEBRA 333 
WE U(N). This forces U, u E U(H) [ 13, p. 1271]. Therefore, using 
Proposition 1.6, one may conclude from uv E Sz( U(H)) = Z(U(H)) that U, 
v E Sz( U(H)). 
(2) Take w  E Z(D(H)). By Corollary 1.10 we can find semi-invariants 
U, v F U(N), v # 0, such that w  = UK ‘. Clearly U, u f Sz( U(H)) = .Z( U(N)). 
(3) In view of (1) it suffices to show that Z( U(EB)) c Sz( U(L)). Sup- 
pose L is almost algebraic. This means (see [Z, p. 2991) that the nil radical 
N of L is complemented in L by a Lie subalgebra M (called a Malcev fac- 
tor for L) such that the action of ad A4 on L is semi-simple. By Cl 1, 
M is of the form S 0 A where S is a semi-simple Lie subalgebra (in fact it is 
a Levi factor for L) and A is an abelian subalgebra with [S, A] = 0 and 
such that ad,a is semi-simple for all a E A. So, L = NO SO A and NO S c 
LA = H. Choose a subspace T of A such that A = (Hn A) 0 T. Then 
L = HO T. The action of ad T is semi-simple on L and a fortiori on EL 
Hence H is a finite-dimensional, semi-simple T-module and so is each 
U”(H) (use [6, 1.78 and 2.41). Because ad t, t E T, maps .‘Z(U(H)) int 
itself, we see that V,, = U”(H) nZ( U(H)) is a submodule of Urn(H) an 
hence semi-simple. Then F is a diagonalizable T-module, as T is abelian 
and k is algebraically closed. In other words, if V, # 0 it contains basis 
ul,..., u, such that for all t E T, ad t(u,) = n,(t) ui for some ,&E T”. n the 
other hand, ad h(ui) = 0 for all h E H. Taking into account that L = M@ T, 
we deduce that ur,..., u,. are semi-invariants of U(L). So, each k;, is 
generated by semi-invariants of U(L) and hence also @,I’, =Z(U(%p)) 
(Remark I. 18 ). Consequently, Z( U(H)) c Sz( U(L) ). 
The following example shows that the condition that 
closed in (3) of the preceding theorem cannot be remov 
EXAMPLE 1. Let L be the Lie algebra over [w with basis x, y, z such that 
[x, y] =y + z, [x, z] = -y + z and [y, z] = 0. L is a solvable, almost 
algebraic, but not ad-algebraic, Lie algebra. U(L) is primitive; however, L 
is not Frobenius. Clearly, L, = [L, L] which is generated by y and z. 
have 
Sz(U(L))= lR[y2+2] $ R[y, z] =Z(U(L,)). 
Note that Z(D(L,)) = lR(y, z) has transcendence degree 2 over [w, whereas 
dimL-dimL,=l. 
In L’ = LO @ we consider the basis X, u1 = y + z’z, ~1~ =y - iz which 
satisfies [x, u,] = (1 -i) ui, [x, u2] = (1+ i) u2 and [u,, u2] =O. Again we 
have (L’)n = [L’, L’] of codimension 1 in L’. u1 and u2 are the only (up to 
nonzero scalar multipliers) irreducible semi-invariants of U( L’). Let 
A,, A2 E A(L’) be the corresponding weights. As they vanish on [L’, L’], 
they are completely determined by n,(x) = I - i and J.,(x) = 1+ i. Note t 
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3L1 and A, are linearly independent over Q (and even over R), but not over 
C. It turns out that Sz( U(L’)) = C[ul, uIz]. In particular, 
Sz( U(L’)) n U(L) = R[y, z] # Sz( U(L)). 
EXAMPLE 2. Let M be the Lie algebra over R’ with basis x, y, z such 
that [x, y] = -z, [x, z] =y and [y, z] = 0. M is a solvable, ad-algebraic 
Lie algebra. In this case, M, = M and 
Sz( U(M)) = Z( U(M)) = R[y2 + z2], Z(D(M)) = R(y2 + z”). 
Next, consider M’ = M Q C, in which x, u1 = y + iz, u2 = y - iz is a basis, 
satisfying [x, u,] = iu,, [x, uJ = -iu, and [ur, uz] = 0. Let d,, A2 be the 
corresponding weights. As they vanish on [M’, M’], they are completely 
determined by n,(x) = i and n,(x) = -i. Note that i, +&=O. Also, 
(ZVZ’)~ = CM’, M’] which is generated by ur, u2. This shows that 
(M,)’ # (M’)n and also (M’)n n M # M,, . 
z(U(M’))=c[u,u,]cSz(U(M’))=Z(U(M’).)) 
= C=cUl, u21. 
EXAMPLE 3. Let N be the Lie algebra over k with basis x1, x2, x3, xq 
and with non-vanishing brackets [x,, x2] =x2, [x3, x4] =x4. N is 
Frobenius (it is the direct product of two copies of the two-dimensional 
non-abelian Lie algebra). 
Sz(U(N)) = k[x,, x4]. x2 and xq are semi-invariants for Der N = ad N, 
but not for Aut N. Indeed, there exists a g E Aut N determined by g(xr) = 
x3, g(x2)=x4, g(x,)=x, and &4)=x2. 
We close this section with some remarks on the ideal structure of U(L). 
In [4, p. 191 M. Chamarie has proved that the enveloping algebra U(L) of 
any Lie algebra L over k is a Noetherian maximal order in D(L). For 
details on maximal orders we refer to [l]. For each U(L)-ideal Z of D(L) 
we put 
z-l= {qED(L)Iqlc U(L)) = {qED(L)Izqc U(L)) 
and Z= (I- ‘)-‘. Z is said to be reflexive if Z= Z. For example, if w  is a non- 
zero semi-invariant of D(L) then U(L) w is a reflexive U(L)-i&al. The 
reflexive U(L)-ideals, together with the multiplication rule IO J = ZJ, form a 
free abelian group G(U(L)), generated by the reflexive prime ideals of 
U(L); the latter are prime ideals of height one. Conversely, any prime ideal 
of height one is reflexive. This can be deduced from the fact that any non- 
zero ideal of U(L) contains a nonzero semi-invariant and hence also a 
reflexive ideal. 
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emark 1.12, we have noticed that the nonzero semi-invariants of 
rm a commutative subgroup 0 of the multiplicative group D(L 
Also, Q/Z(D(L))* z A,(L). On the other hand, it is easy to verify that 
map rp: Sz + G(U(L)) sending each w  GQ into the reflexive U(L)-ideal 
U(L) w is a group homomorphism with kernel k*. 
PROPOSITION 1.20 (CHAMARIE [4, p. 211). Let L be a solvable Lie 
algebra over k. Then each reflexive ideal of U(L) is of the form U(L) u = 
uU(L) for some UE U(L) (i.e., u is a semi-invariant of U(L) by Proposition 
1.8). In other words qn is surjective. 
COROLLARY 1.21. Let L be a solvable Lie agebra over k, P an ideal of 
U(L). Then the following are equivalent. 
(1) P is a prime ideal of the height one. 
(2) P is a rejlexive prime ideal. 
(3) P = U(L) u for some irreducible semi-invariant u of U(L). 
ProoJ The equivalence of (1) and (2) holds in general (see above). 
(2) * (3) By the preceding proposition P = U(L) w f~or some nonzero 
semi-invariant w  of U(L). w can be written as a product a1 . . . U, of 
irreducible semi-invariants ui of U(L) (Proposition 1.5). As U(L) ui= 
u,U(L) (Proposition 1.8) we see that P contains one of the factors, say, zli. 
It follows that P= U(L) ui. 
(3) + (2) P= U(L) u is a reflexive ideal and thus contained in a 
maximal reflexive ideal Q, which is prime. Hence Q = U(L) v for a suitable 
irreducible semi-invariant v E U(L). Now, u is irreducible and u E U(L) o. 
Therefore u and v are associated and thus P = U(L) u = U(L) v = 
Remark (made by the referee). It follows from Theorem Il.2 of [23] 
that Proposition 1.20 is also true when L is a complex semi-simple Iie 
algebra. Hence Corollary 1.21 may be extended to this case. See also 1221 
and [24]. 
CORQLLARY 1.22. Let L be a solvable Lie algebra over k such that U(L) 
is primitive. Then the group G( U(L)) is isomorphic to A,(L) (which in turn 
is isomorphic to Kharchenko’s group of X-inner automorphisms of U(L) 
C161.1 
Prooj Z(D(L)) = k since U(L) is primitive [ 183. Consequently, bot 
groups, G( U(L)) and A,(L), are isomorphic to Q/k*. 
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2. A CONSTRUCTION OF SEMI-INVARIANTS 
In order to construct semi-invariants in U(L) it suffices to do so in S(L). 
Indeed, we have at our disposal the symmetrization map, i.e., the canonical 
linear isomorphism s of S(L) onto U(L), which maps each product 
yi.**y,, yi~L, into (l/q!)C,~,(~,...y,(,,, where p ranges over all per- 
mutations of {l,..., q}. s is known to commute with each derivation of L 
and hence maps S(L), onto U(L), and also Sz(S(L)) onto ,Sz(U(L)). In 
general this is not an algebra isomorphism, but in case k is algebraically 
closed there does exist an algebra isomorphism from Sz(U(L)) onto 
Sz(S(L)) [21, p. 4011. 
LEMMA 2.1. Let R be a unique factorization domain and A = (aV) an 
m x n matrix with coefficients in R and with (determinantal) rank (A) = r. 
For each integer p, 1 <p < r, we let A,(A) E R be the greatest common 
divisor (gcd) of all nonzero p-rowed minors of A. Then the following hold: 
(1) A,(A)lA,(A),....,A.~,(A)lA,(A). 
(2) cz(A,(A))-A,(a(A)) for all a E Aut R. (cc(A) is the m x n matrix 
with entries g(aV).) 
(3) Let B= PAQ where P (resp. Q) is an invertible m x m (resp. n x n) 
matrix. Then A,(A) N A,(B). 
ProoJ (1) Let Ip be the ideal of R generated by the p-rowed minors of 
A. Since these can be written as R-linear combinations of @ - 1)-rowed 
minors of A, we obtain I, c I,, _ 1. On the other hand, we know that the 
principal ideal (A,(A)) contains Zp and is contained in all others with the 
same property. Therefore Ip c I, _ i c (A, _ 1(A)) implies that (A,(A)) c 
(A,_,(A)) and thus A,-,(A) divides A,(A). 
(2) Suppose CI is an automorphism of R. Evidently (a(A,(A)))= 
a((A,(A))) and the latter is the “smallest” principal ideal containing ~(1,). 
Clearly ~$1,) is generated by the p-rowed minors of the matrix cl(A). Hence 
a(A,(A)) is a gcd of the nonzero p-rowed minors of a(A) and is therefore 
associated with A,(a(A)). 
(3) Put C= PA and let Jp (resp. K,) be the ideal of R generated by 
the p-rowed minors of C (resp. of B). The rows of C are R-linear com- 
binations of the rows of A. This implies that the p-rowed minors of C are 
R-linear combinations of the ones of A, so that Jp c Z,. Also Z, c J, as 
A = P-lC and thus 1, = Jp. A similar argument shows that J, = K,. 
Finally, we deduce from Z, = Kp that A,(A) and A,(B) are associated. 
THEOREM 2.2. Let L be an n-dimensional Lie-algebra over k with adjoint 
algebraic group G. Choose bases {x1 ,..., x, > in L and {El ,..., E,} in the Lie 
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algebra L(G) of G. Let r be the (determinantai) rank of the m x n matrix 
A = (E,x,) of which the entries are being considered as elements of S(L) = 
kIIx1 ,..~> x,,]. Put A,(L) = A,(A), 1 <p < r. Then the following hold. 
(1) A,(L) is well-dejzned (up to nonzero scalar multipliers). 
(2) A l(L) I A,(L)>-.> A,- l(L) I A,(L). 
(3) Each A,(L), 1 <p <r, is a nonzero semi-invariant of S(L) 
(possibly belonging to k) under the action of Aut L (and hence of Der L). 
ProoJ: (1) Let {xi,..., XL> (resp. (E; ,..., Em)) be a new basis of & 
(resp. L(G)) and put B = (Eix;). Then EL = CipjSEi and xi = zjqjtxj, where 
P = (p,,) (resp. Q = (qJt)) is an invertible m x m (resp. n x H) matrix with 
entries in k. Clearly E1.x: = C,p,(E,x,) qj,. This means that B = P’A 
so A,(B) N A,(A) by the previous lemma. 
(2) follows directly from the same lemma. 
(3) Suppose aEAut L. Obviously, {a(~~),~.., a( is a basis of L. 
The same is true of (aE1a-‘,..., aE,a-‘j in L(G) [5, pi 2091. We extend M 
to an automorphism of S(L). Then the preceding lemma combined with (1) 
yields 
aCAp( = a(Ap(E;xi)) -Ap(~iEjXj)) 
= A,((aE;a~‘) a(~,))-A,(L). 
In other words, A,(L) is a nonzero semi-invariant of S(k) under the action 
of Aut L. 
Remark 2.3. A similar result is obtained if L(G), in the foregoing 
theorem, is replaced by any Lie subalgebra H of Der L satisfying 
SlHK’ = H for all CI E Aut L (for instance, ad L or Ber L). 
3. THE CASE WHERE U(L) Is PRIMITIVE 
THEOREM 3.1. Let L be a Lie algebra over k with basis (x1,..., x,>. Let G 
be its adjoint algebraic group and (El,..., E,} a basis of L(G). Then the 
following are equivalent.. 
(1) U(L) is primitive. 
(2) G admits an open orbit in L* for its contragredient action on L”. 
(3) rank (Eixj) = n. 
(4) Z@(L)) = k. 
(5) dim D(L),6 1 for all AE L*. 
(4) dim U(L), d 1 for all 2 EL*. 
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(7) U(L) has only a finite number (up to nonzero scalar multipliers) of 
irreducible semi-invariants. 
(8) There exists a nonzero semi-invariant e E U(L) which is contained 
in each nonzero prime ideal of U(L). 
(9) U(L) has only a finite number of prime ideals of height one. 
(10) There exists a nonzero semi-invariant e E U(L) such that each 
nonzero ideal of U(L) contains a power of e. 
ProoJ: The equivalence of (1 ), (2), (3) and (4) has already been shown 
in [17] and [18]. (4)+ (5) is a direct consequence of Remark 1.12, while 
(5) * (6) is obvious. 
(6) a (7) Let u1 ,..., u, be pairwise nonassociated, irreducible semi- 
invariants with weights A1 ,..., i,. First we claim that ur,..., u, are 
algebraically independent over k. Suppose (m, ,..., m,.) # (n, ,..., n,), where 
mi, n, are nonnegative integers. Then the semi-invariants u;“l. . . UT and 
u;’ .+. UT are not associated (Proposition 1.5) and hence belong to different 
U(L), as these are at most one-dimensional by assumption. In other words 
Ci m,lZ, # CinjAi. Because of this and the fact that the sum of the U(L), is a 
direct sum, a relation of the form Cmarnu~’ . . . UT = 0, where a, E k and 
m = (ml ,..., m,), forces all a, to be zero. This shows that u1 ,..., u, are 
algebraically independent over k. By Theorem 1.19 they are contained in 
the field Z(D(L,)), which is of finite transcendence degree over k [18]. So 
we may conclude that r 6 tr deg, Z(D(L,)). 
(7) * (8) Let Us,..., U, be the irreducible, pairwise nonassociated, 
semi-invariants of U(L). Consider the semi-invariant e = u1 . . . u, and let P 
be any nonzero prime ideal of U(L). Invoking Theorem 1.7, P contains a 
nonzero semi-invariant u E U(L), which by Proposition 1.5 is of the form 
au? . . . ur for some a E k* and nonnegative integers mi. As U(L) ui= 
uiU(L) (Proposition 1.8) we see that P contains at least one ui and a for- 
tiori also e=u,...u,. 
(8) * (9) Let 7c be the set of all nonzero prime ideals of U(L). Sup- 
pose e is a nonzero semi-invariant contained in each P E z Then 7~ is also 
the set of all prime ideals of U(L) containing the two-sided ideal U(L) e. 
U(L) being Noetherian, 7~ possesses only a finite number of minimal 
elements, say, PI,..., P, [6, 3.1.101. Clearly, these are precisely the prime 
ideals of U(L) of height one. It is also interesting to note that rad U(L) e = 
P,n ... n P, and that every element of 7t contains one of the Pi [6,3.1.10]. 
(9) * (1) Suppose P, ,..., P, are the prime ideals of U(L) of height 
one. U(L) being Noetherian, each nonzero prime ideal P contains a prime 
ideal of height one. Indeed, let P = QS1 ... IQ, IJ Q0 = (0) be a chain of 
prime ideals of maximal length (s<n by [6, 3.5.121). Then Q1 is clearly of 
height one. Therefore the intersection of all nonzero prime ideals is equal to 
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P, n ... nP, # 0. In particular the intersection of all nonzero primitive 
ideals is nonzero. This shows that (0) is a primitive ideal of U(L) since the 
Jacobson radical of U(L) is zero. 
(8) 3 (10) Let I be a nonzero ideal of U(L). Then (8) implies that 
e E rad I and thus eq E I for some positive integer q~ 
(10) * (8) Let P be a nonzero prime ideal of U(L). 
contains a power of e and hence e as well, since U(L) e = eU(k,). 
THEOREM 3.2. Let L be a Lie algebra over k with a primitive enveloping 
algebra U(L). Let ul,..., u, be the irreducible semi-invariants of U(L), 
pairwise nonassociated and with corresponding weights A1 ,...) A,. 
e = ul . . . u,. Then the following hold: 
(1) Let u E U(L) be a nonzero semi-invariant with weight 1 E A(L). 
Then there are unique nonnegative integers m, ,..., m, and a E k* such that 
u = auyi . UP I In particular, /z = CimiAi. 
(2) Sz(U(L)) = k[u, ,..., u,], which is a polynomial ring. 
(3) Any semi-invariant of U(L) is homogeneous. It is also a semi- 
invariant under the action of Der L. Moreover, e is a semi-invariant for all 
aato.morphisms and anti-automorphisms of U(L). 
(4) If Hc L is an ideal of L such that L/N is nilpotent, then 
Sz(U(L))cSz(U(H)). In particular, Sz(U(L))cZ(U([L, L])). 
(5) A,(L) is a free abelian group, generated by A, ,..., A,. In ~urt~c~lar, 
L, = n ker ii, i: l,..., r. 
(6) The symmetrization map s: Sz(S(L)) -+ Sz(U(L)) is an algebra 
isomorphism. 
(7) Sz(D(L))=Sz(U(L),)= (Sz(U(L))),=k[u ,,..., u,, UT’, . . . . u,‘]” 
(8) If L is solvable, then U(L) ul,..., U(L) u, are precisely the prime 
ideals of U(L) of height one. 
Proof. (1) follows directly from Proposition 1.5. 
(2) From (1) we obtain that Sz( U(L)) c k[ul,..., u,]. The other 
inclusion is obvious. Furthermore, u1 ,..., U, are algebraically indepen 
over k (see proof of the preceding theorem). 
(3) Let 0 # UE U(L),. u is homogeneous [19, p 341. 
preceding theorem, U(L), = ku. Since U(k), is stable under e 
6, p. 2651, it follows that u is also a semi-invariant under the 
er L. Next, let CI be either an automo him or an anti- 
of U(L). Clearly, a(~,) is irreducible. n the other hand, 
Ui(U(L)) = U(L) u,. We obtain a(~,) U(L) = U(L) a(ui) and thus a(~,) is 
also a semi-invariant of U(L) (Proposition 1.8). It follows that a perrn~t~~ 
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the elements of the set {k*ul,..., k*u,). Therefore a(e)=ae for a suitable 
aEk*. 
(4) Let UE Sz( U(L)) be a nonzero semi-invariant with weight i. 
Then by [9, p. 3201, D(H) contains a nonzero element v such that 
[x, v] = n(x) v for all x E L. Hence U, ZI E D(L),. By (5) of the foregoing 
theorem, u = au for a suitable aE k*. Therefore ueD(H)n U(L) = U(H). 
Consequently Sz( U(L)) c Sz( U(H)). 
(5) (1) and Corollary 1.9 combine to show that A,(L) is generated 
by 4 ,..., 1,. It remains to show that Al,..., 1, are Z-linearly independent. So, 
suppose C;= I m,lZ, = 0 for some integers m,. We may assume that mi > 0 for 
i: l,..., s and mj<O for i:s+l,...,r. Then Cs=lm,n,=C:=s+l(-m,);li 
implies that mj = 0 for all i (see proof of (6) 3 (7) of the preceding 
theorem). 
(6) First, let O#~EU(L). We put [u]=u mod U,-,(L) if 
u E U,(L)\U,_ i(L). [u] is called the leading term of U. We have 
[uz] = [u] [z] for all nonzero U, z E U(L). Furthermore, [do)1 = v 
whenever v E S(L) is homogeneous. 
This holds in particular if v is a semi-invariant (since s(u) is a semi- 
invariant of U(L) and thus is homogeneous by (3)). Next, let V, w  E S(L) be 
nonzero semi-invariants of S(L) with corresponding weights 1, ,u. Since 
s: Sz(S(L)) --) Sz( U(L)) is a linear isomorphism, it suffices to show that 
s(vw) = s(v) s(w). Clearly v E S(L),, w E S(L), and VW E S(L)n+p. It follows 
that s(v) E U(L),, s(w) E U(L), and s(vw) E U(L),+,. 
Also s(v) s(w) E U(L),+,. Consequently, s( VW) = cs( v) s( w  ) for some 
c E k*. Taking leading terms we obtain uw = [s(vw)] = [U(V) s(w)] = 
c[s(v)] [s(w)] = cvw and thus c = 1. 
(7) Put A = k[u, ,..., u,, u;’ ,..., u;‘]. That Sz(D(L)) CA follows 
easily from Corollary 1.9. On the other hand, we have the following 
inclusions: 
‘4 lz (W U(L))), = w U(L),) = WW)). 
(8) This follows immediately from Corollary 1.21. 
Remark 3.3. The Lie algebra L’ over @ of Example 1 of Section 1 
shows that the weights 1, ,..., A, need not be linearly independent over k. 
COROLLARY 3.4. Let A4 be a Lie algebra over k, L c M an ideal of M 
such that U(L) is primitive. Then any semi-invariant u of U(L) is also a semi- 
invariant of U(fl4). In particular, Sz( U(L)) c Sz( U(M)). 
Proof Each ad x, x E M, acts as a derivation on L. Invoking (3) of the 
preceding theorem, u is a semi-invariant under this action. 
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The following shows that the semi-invariant d,(L), constructed in Sec- 
tion 2, is nontrivial in case L has a primitive envelope. At the same time it 
turns out to be a useful tool in determining the irreducible semi-i~varia~ts 
of U(L). 
PROPOSITION 3.5. Let L be a Lie algebra over k with a primitive envelop- 
ing algebra. Let u1 ,..., u, be the irreducible, pairwise nonassociated, semi- 
invariants of U(L). 
Put v1 = s-l(u,),..., v, = s-‘(u,). Then we have: 
(1) VI,..., v, are the only (up to nonzero scalar multipliers) irreducible 
semi-itlvariants of S(L) and Sz(S(L)) = k[vl,...? v,]. 
(2) A,(L)=avl;l... vy for some mi > 1, i: I ,..., r and a E k*. 
ProoJ: (1) This follows easily from Theorem 3.2 and 
(2) By Proposition 1.5 we obtain that A,(L) = au?] 
nonnegative integers mi, a E k*. Now, let v be an irreducible semi-invariant 
of S(L). It suffices to show that v divides A,(L). Let x1,..., x, be a basis of I, 
and let El,..., E, be one for L(G), the Lie algebra of the algebraic adjoint 
group G of L. Because U(L) is primitive, we know that rank (E,xi)=n 
(Theorem 3.1). Let B be any IZ x n nonsingular submatrix of the m x n 
matrix (Eixj). We may assume that B= (Eixj) where i,j: I,..., n. Since v is a 
semi-invariant for ad L, it is also one for L(G), L(G) being the smallest 
algebraic Lie subalgebra of Der L containing ad L [S, p. 2081 (OF 
otherwise note that property (3) of Theorem 3.2 also holds for the semi- 
invariants of S(L)). Hence there exists a linear functional p E L(G)* such 
that 
E,v = ,u(EJ v for all i: I,..., m. 
Bn particular, 
f (Eixj) g = p(Ej) v, i: l,..., II. 
j=l J 
By Cramer’s rule, 
det BE= ,f B,p(Ei) v = 
J I=1 
where B, is the ijth cofactor of B. Choose j such that au/&, is nonzero. 
Clearly v divides det B(&/axj), but does not divide dv/dxj, as the latter has 
lower degree than v. Since S(L) is a UFD and v is irreducible, it follows 
that v divides det B. We may conclude that v divides all n-rowed minors of 
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the matrix (&xi) and hence also their greatest common divisor which is 
An(L). 
COROLLARY 3.6. Let L be a Lie algebra over k with a primitive envelop- 
ing algebra. Then s(A,(L)) is a nontrivial semi-invariant of U(L) contained in 
each nonzero prime ideal of U(L). 
4. THE CASE WHERE L Is FROBENIUS 
We recall that a Lie algebra L over k is Frobenius if it admits a linear 
functional f~ L* such that the alternating bilinear map Bf: Lx L + k 
sending (x, JJ) intof( [x, JJ]) is nondegenerate. Such a Lie algebra is known 
to have a primitive universal enveloping algebra [ 181. Let x1,..., x, be a 
basis for L. Then the Pfaflian Pf( [xi, xi] ) is a nonzero semi-invariant of 
S(L) with weight z, where z(x) = tr(ad x), x E L [19, p. 281. We shall see 
now that we can sharpen some results of the preceding section. 
LEMMA 4.1. Let H be an ideal of a Frobenius Lie algebra L such that 
L/H is abelian. Then tr deg,(Z(D(H))) 6 dim L - dim H and equality occurs 
tf H is ad-algebraic. 
Proof Choose a regular linear functional f E L* such that f 1 x is regular 
l-19, p. 191. L being Frobenius, we know that [L, Lll c [L, L] with 
respect to the nondegenerate bilinear form B, [ 19, p. 241. Therefore, 
[L, L] c H implies that H’c[L,L]‘c[L,L]cH (*). Now, 
tr deg,(Z(D(H))) <dim H(f) and equality occurs if H is ad-algebraic 
[lS]. We recall that 
H(f)= {xEHlf([x, H])=O}=HnH’. 
Because of (*), H( f ) = HL and thus dim H( f ) = dim HI = dim L - 
dim H. 
COROLLARY 4.2. If L is Frobenius then tr deg,(Z(D( [L, L]))) = 
dim L - dim[L, L]. 
THEOREM 4.3. Let L be a Frobenius Lie algebra with basis x1,..., x,. Let 
u1 ,..., u, be the irreducible semi-invariants of U(L), pairwise nonassociated, 
and with corresponding weights AI,..., 2,. Then the following hold: 
(11 Al,..., 2, are linearly independent over k. 
(2) r = dim L - dim L, and this number is precisely the transcendency 
degree of Z(D(L,)) over k. 
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(3) 4Pf([XiY x,1)) is contained in each nonzero prime ideal of U(L). 
Also, d,,(L) divides (Pf([xj, xi]))‘. They coincide (up to a nonzero scalar 
multiple) in case L is ad-algebraic. 
(4) If k is algebraically closed, then Sz( U(E)) = Z( W(L,)). 
ProoJ: (1) By Theorem 3.2 and Proposition 3.5. v, =s-iffy),...: 
D,. = s-‘(a,) are irreducible semi-invariants of S(L) with weights iI:..., A, 
and are algebraically independent over k. In particular, the n x r matrix 
(&,/ax,), the entries of which we consider to be elements of the quotient 
field K(L) of S(L), has rank r. We observe that 
A&xi) vy = ad xi(vq) = i [xi, x,] 2. 
j=l J 
Hence the n x r matrix A = (A&xi) vy), i: l,..., n, 4: l,..., r, has rank r, being 
the product of the nonsingular n x n matrix ([xi, xi]) (L is Frobenius) and 
the n x Y matrix (&Jax,), having rank r. It follows that the matrix 
A’= (,4,(x,)), with entries in k, has rank r as well. Indeed, if B is a non- 
singular r x r submatrix of A, then the corresponding r x r submatrix ’ of 
A’ is also nonsingular, since 0 # det B = v1 . . . v, . det ‘. Therefore A1 )..~, A, 
are linearly independent over k. 
(2) (1) and the fact that L, = n ker Ai, i: l,..., r (see (5) of 
Theorem 3.2), combine to show that dim L,, = dim L - r. Next, wi ,...) U, are 
algebraically independent over k and are contained in Z(D(E,)). Hence t 
transcendency degree t of Z(D(L,)) over k is at least Y. But the previous 
lemma asserts that t 6 dim L -dim L, = r. So t = r. 
(3) Since Z(L) = 0, we can extend ad x1 ,..., ad x, to a basis E, ,..., E, 
of L(G), the algebraic hull of ad L in End L. d,(L), being the greatest com- 
mon divisor of all nonzero n-rowed minors of the matrix (Eixj), divides in 
particular det( [xi, xi]) = (Pf( [xi, ~~1))‘. Invoking (2) of Proposition 3.5, 
01 . . . v, divides Pf( [xi, xi]). 
By (6) of Theorem 3.2 we see that s(Pf( [xi, xi])) is a multiple of 
. . . M, = e and thus belongs to each nonzero prime ideal of U(L). Finally, 
Fhe ad-algebraic case is clear, because then L(G) = ad E. 
(4) We already know that 
Sz( U(L)) = k[q,..., u,-] c Z(u(L,)). 
Conversely, take z E Z( U(L,)). Now, Z(D(L,)) and its subfield k(u, ,..., a,), 
the quotient field of Sz(U(L)), have the same transcendency degree over k 
(namely, r). Consequently, ZEZ(D(L,)) is algebraic over k(uI,..., u,) an 
thus satisfies a nontrivial equation of the form apzP -+ ~ .. + a,z + a,= 0 
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with ai E k(u, ,..., u,). We may assume that all aim Sz( U(L)), a, # 0 and 
p > 1. From 
z(a,zP-‘+ ... +a,)= -U,ESZ(U(L)) 
and (b) of Proposition 1.3 we deduce that z E Sz( U(L)). Consequently, 
MU(L)) = Z(U(L.4)). 
LEMMA 4.4. Let H be an ideal of a Lie algebra L over k such that 
Z(U(H)) = k[u], u a homogeneous element of U(L). Then u is a semi- 
invariant of U(L). 
Proof Take x E L. We have to show that ad x(u) is a scalar multiple of 
u. We may assume that ad x(u) # 0. By assumption, u E Ud(L), d> 0. 
Hence, ad x(u) E Ud(L) [6, 2.4.91. H is an ideal of L, so ad x is a derivation 
of U(H) and thus also of .Z(U(H)) = k[u]. From ad X(U)E k[u] and the 
fact that ad x(u) is homogeneous of degree d, one obtains that ad x(u) = au 
for a suitable a E k. 
THEOREM 4.5. Let L be a Frobenius Lie algebra over k, v E U(L) a semi- 
invariant with nonzero weight 1. Choose a E k and u E U(L) such that v = au4 
with q maximal. Put H = ker A. Then the following hold: 
(1) u is a semi-invariant of U(L) with weight u = (l/q) 1. 
(2) H is an ideal of L of codimension one and Z( U(H)) = k[ u], 
Z@(H)) = k(u). 
Proof (1) follows easily from Proposition 1.3(a). 
(2) Clearly H is an ideal of L of codimension one and H= ker p. By 
Proposition 1.15, C(v) = U(H) and thus u E Z( U(H)), u $ k. From 
Lemma 4.1 we see that tr deg,Z(D(H)) <dim L-dim H= 1. We can now 
apply Lemma 3.8 of [ 19, p. 311 to conclude that Z( U(H)) = k[z] and 
Z(D(H)) = k(z) for some homogeneous element z E U(L), z $ k. By the 
preceding lemma, z is a semi-invariant of U(L). From u E k[z] and the fact 
that both u and z are semi-invariants of U(L) with nonzero weights 
(z $ k = Z( U(L))), we obtain u = bzP for some b E k* and positive integer p. 
Hence v = auy = abqzpy and pq z q. Then the maximality of q forces p = 1 
and thus u = bz. Consequently, Z( U(H)) = k[ u] and Z(D( H)) = k(u). 
COROLLARY 4.6. Let L be a Frobenius Lie agebra over k, H an ideal of 
L of codimension one. Then the following conditions are equivalent: 
(1) Z(U(H))=k 
(2) HfkerIIfor aZliEA(L). 
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Proof: (I ) * (2) This is an immediate consequence of the preceding 
theorem. 
(2) * (1) Suppose Z( U(H)) # k. A similar reasoning as the one use 
in the proof of the foregoing theorem shows that Z(U(H)) = k[z] for some 
semi-invariant z of U(L) with weight ,J E /i(L). Clearly, i #Cl since z $ k = 
Z( U(L)). Also, z E Z( U( H)) implies that N c ker jU and thus 6-I = ker 1. This 
contradicts (2). 
COROLLARY 4.7. Let L be a Frobenius Lie algebra with basis xi,.~., x,. 
Suppose U(L) contains only one (up to nonzero scalar multipliers) irreducible 
semi-invariant u (this occurs, for instance, if [L, L] has codimension ore in 
L). Let p be the weight of u. Then: 
(1) dWCxi,xil))=auYf or some a E k* and positive integer q. 
(2) L,=kerpandp(x)=(l/q)tr(adx),for allxEL. 
(3) Sz( U(L)) = k[u] = Z( U(L,)). 
(4) u is contained in each nonzero prime ideal of U(L). 
EXAMPLE. Let L be the Lie algebra of n x IZ matrices with entries in k 
having zero last row. L can be considered as the Lie algebra of the affine 
group of an n - 1 dimensional afline space over k. L is Frobenius [17, 
p. 4971 and [L, L] has codimension one in L. So FL, L] = L, and the 
foregoing corollary is applicable. In case k = C, Dixmier has constructed a 
homogeneous semi-invariant e of U(L) of degree $(n" - n) with weight z, 
r(x) = tr(ad x), x E L, such that Z(U([L, L])) = k[e] [S]. e is called the 
fundamental semi-invariant of U(L). Now, let xr,..~, x,2-. be a basis of L. 
Since Pf( [xi, xi]) is a semi-invariant with the same weight, it follows by 
(6) of Theorem 3.1 that e coincides (up to a nonzero scalar multiplier) with 
s(Pf([xi, x,])), where s: S(L) + U(L) is the canonical linear isomorphism. 
Note that in this case q = 1 and that e is the only irreducible semi- 
invariant of U(L). 
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